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Abstract
We illustrate the relation between sound propagation in the acous-
tic tube and formant-based acoustic cues for the phonetic dimen-
sion of place of articulation.

1 Introduction

We model an acoustic tube as a pressure source exciting an acoustic filter. We
model the pressure source at frequency f as being given by cos(27 ft). We model
the filter which transmits the acoustic disturbance with a vector of cross-sectional
area measurements a(z;) at coordinates #;,¢ = 1,2,...,n, where 1 = 0 cm, 2, = {
cm, [ cm is the length of the tube, and do = ;41 — «; is the uniform spacing of the
measurements.

Ignoring losses, we can define the response of the filter to the source in terms
of two functions of position and time. These functions are the excess pressure at
frequency f, py(z,t), and the particle velocity at frequency f,uy(x,t):

ppx,t) = ps(x) cos(2m ft),
up(z,t) = uyp(x)sin(27 ft).

Each of these functions is a product of a function of x and a function of . The
functions of  are a pressure function, ps(z), and a particle velocity function, uy(z).
The functions of ¢ are the harmonic excitation, cos(27 ft), and the same function
with a phase difference of 7/2, or sin(27 ft).!

To represent the source and the filter response for voiced speech we model the
source as having excitation at all frequencies which are integral multiples, m, of
some lowest or fundamental frequency, fo. Then the net response of the filter is
a net pressure, p(z,t), and a net particle velocity, u(z,t), each defined as a sum
over frequencies mfy, m = 1,2,..., M, of the corresponding frequency-dependent
quantities:

plz,t) = pr(l‘,t),
I

u(x,t) = Zuf(x,t).
f



Finally, we can define the function called volume velocity, y;(z,t), which equals
area times particle velocity:

Xz, t) = xp(2)sin(27 ft) = a(x)uy(x) sin(27 ft).

If the tube has uniform cross-sectional area, then volume velocity is related to
particle velocity by a single multiplicative constant. The vocal tract has approxi-
mately uniform cross-sectional area for the vowel /o/.

Starting with this physical model, here are some problems that we can solve:

1. Find the zeroes over frequency of py(lips), i.e., the formant frequencies.

2. Relate constriction of the uniform tube to changes in formant frequencies.

3. Relate changes in formant frequencies to acoustic cues for place of articulation.
4. Relate constriction of other tubes to changes in formant frequencies.

5. Relate changes in formant frequency to rules derived from listening tests.

In the next sections of this paper these problems are addressed one at a time.
2 Find the Formant Frequencies
To solve problem 1 we can apply Webster’s horn equation [1,2,3,4]. Webster’s

equation relates the velocity potential, ®, to the area function A(z):
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where ¢ is the velocity of sound a2 333m/s. The quantity ® is related to pressure
and particle velocity by two further equations [2]:

P=0

0
p—pgqh
0
u = —a@

The quantity py(lips) does not depend on time. So we can simplify Webster’s
equation to get rid of the dependency on time. If we let ® = @y (2)sin(27 ft), then
Webster’s equation becomes

¢+ (InA) + ke =0 (1)
where ' = d/dr and k* = (27 f/c)?.
The equation relating ¢ and u becomes
o = —u.
And, the equation relating ® and p becomes

p = p27foy(x)cos(2mft).



It is clear from this last equation that ¢ () is proportional to py(z), the pressure
function of . It follows that the zeroes over frequency of ¢y (lips) are identically
the zeroes over frequency of p¢(lips). So, by solving for the zeroes of ¢ (lips) we
will find all and only the formant frequencies.

To derive an expression for u’, we can differentiate ¢’ = —u and substitute in
(1), obtaining

u' = k?p — (Ina)u. (2)

This done, we make a choice about how to represent (Ina)’ between measure-
ments. Following Chiba and Kajiyama [2] we have chosen to use the average deriva-
tive of log area, a’(¢), on each interval ¢, ¢ = 1,2,...,n — 1, where

a'(i) = Infa(zi1)/a(x;)]/de, a(z;) > 0,

and to represent pressure, particle velocity and volume velocity as linear in each
interval, so that all four functions are approximated as piecewise linear.

Next, we define boundary conditions for ¢ and u at z = 0, that 1s, at the back
end of the tube. The boundary condition for the pressure quantity ¢ is ¢(0) = 1.
Together with the definition of the source as cos(27 ft), this condition implies that
at (x,t) = (0,0) the air at the back of the tube is maximally compressed. The
boundary condition for the particle velocity quantity w is 4(0) = 0. This condition
is consistent with a tube that is closed by an unyielding wall at the back, which
approximates the nearly closed back of the vocal tract during voiced speech.

Now we can compute the pressure and particle velocity quantities, ¢ and u,
transmitted from the left edge, # = 2, to the right edge, * = x4, of interval ¢,
t=1,2,...,n— 1. Note that the output pressure quantity of the preceding interval,
@ar(1— 1), will be the input pressure quantity of the following interval, ¢o(4),7 > 1.
Similarly, the output particle velocity quantity of the preceding interval, uq, (i — 1),
will be the input particle velocity quantity of the following interval, wy(7).

Two cases arise. Either @’ is zero on the interval, or it is nonzero. If @’ = 0,
then (2) simplifies to

U/ — kzgp
From ¢’ = —u we also have v/ = —¢” | so
S0// — —]ngo.

The reader can verify by differentiating twice that

¢ = acos(kx) + Bsin(kx), (3)
and
¢’ = —aksin(kx) + Bk cos(kz) = —u. (4)

Solving for @ and g at xg using Cramer’s rule:



©0 sin(kxg
k

)
oy kcos(kzy ok cos(kxzg) — ¢hsin(kzg)
o = =
cos(kag) sin(kao) k
—ksin(kzg) kcos(kzo)
cos(kxo) o
—ksin(kzo) ¢} o cos(kao) + ok sin(kzg)

cos(kzo)  sin(kao) k

8= =
‘ —ksin(kzo) kcos(kxo) ‘

Substituting (5) and (6) in (3) and reordering terms,

[cos(kx) cos(kxo) + sin(kx) sin(kzg)]
[sin(kx) cos(kag) — cos(ka) sin(kxy)].

plx) = f)

+
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Applying the formulas for cos(a + b), and sin(a + b) we obtain

/

w(x) = o cos k(x — xg) + % sin k(x — »o).

We find the pressure transmitted to the end of interval ¢, by setting x = ¢+ dz:

/
Yz (1) = po cos(kdr) + % sin(kdz).

Either by substituting (5) and (6) in (4), or by differentiating (7),

0l (1) = —poksin(kdz) + ¢f) cos(kdr) = —ugy(7),

so the particle velocity at the end of the interval is

ugr (1) = pok sin(kdr) — ¢ cos(kdz).

(7)

9)

The second case arises when a’ # 0. We can estimate the average value of

i) = poli) + ¢'()Ax
= o(7) — up(i)Ax.

pressure on interval ¢, .(7), as a linear function of the initial conditions for pressure
and particle velocity on the interval. Let Axz = dx/2. Then, since pressure is
piecewise linear, its average value on interval ¢ occurs at @ = xg + Az, 1.e. in the
middle of the interval. The slope of pressure is obtained from ¢’ = —u and the
initial condition for particle velocity:



Next, we can estimate the average value of particle velocity on interval 7, u. (), by
integrating (2). To integrate (2) we are forced to approximate pressure as constant
on the interval, so we use the average value just computed, ¢, () [2]. Writing

1= kZ%
Coy = El/,
so that (2) becomes
d
—u=c; — Cau
dx 1 2%,

we integrate, exponentiate and solve for u:

— In(e; —equ) = x4 c3
o

€1 — cou = e~ 2T = 4027

where A = ¢%3, and so

¢ — Ae™ 2%

C2
The factor A,

A= (c1 — cau)e®

can be estimated for interval ¢ using ¢.(¢) and the boundary condition ug at & = :

A = (1 — coup)e™™e. (11)

Substituting (11) in (10):

_ c1—(e1—cau,)ef20eTo2°

u =
%(1 _ e—gi(x—xo)) + uoe—@(w—xo)‘ (12)

Since particle velocity is piecewise linear, its estimated average value on interval
i, ue(4), occurs at @ = xg + Awx. In estimating u.(7), therefore, the indices of (12)
simplify and we obtain

ue (i) = —(1 — e7°2B7) - yge™ 287 (13)

where ¢1 = k%, (i) and ¢ = @'(i) .



Given these equations, we can now write a second expression for the average
value of pressure on interval ¢. Our first expression, from the initial conditions on
the interval, was

pe(i) = poli) — uo(i)Az,

but given the particle velocity at the middle of the interval, u. (), we can compute

pe(i) = po(i) — ue(i)Az.

Also, we can now write a second expression for the average value of particle
velocity on interval i. Our first expression, from ¢.(7) and integrating u', was

ue(i) = Z—l(l — e 2AT) | yge 2R

but given (i) and u.(7), we can now compute u. (i), where

(i) = kP o (i) — @' (i)ue (i),

and

u(i) = uo(i) + v/ (i)Ax.

When values are computed for these expressions, we hope that ¢, () is close to
we(?) and wu.(7) is close to u.(é). Then we may decide to forget any differences. But
if these pairs of quantities are not satisfactorily close, the traditional way around
the problem has been the following:

1. note that wu.(7), p.(7) and u.(¢) are all functions of ¢.(7), and

2. perturb ¢.(7) in an iterative numeric or graphic procedure until acceptable
numbers are obtained [2].

Alternatively, following a suggestion from I. Kessler [5], we can give an algebraic
expression for the value of ¢, (i) that minimizes the following error criterion:

E2(i) = [pe(i) = e ()] + [ue(i) — ue ()], (14)
Let
z = (i), (15)
and
ue(i) = 2V + a,

where V = k%(1 — e%22%) /¢y, and a = ug(i)e 222, Then let

uw'(i) = k%2 — ca(2V + a),
u(i) = up(i) + /(i) A, (16)



¢'(1) = —ue(i),
pe(t) = poli) = (2V 4+ a)Ax (17)
=b—zVAz,

where b = ¢o(i) — aAz, so that we can define the pressure error, E, (i), as

where Y = VAz + 1, and the particle velocity error, F, (%), as

Eu(i) = ue(i) — uc(s)
W+ d,

where W = k?Az — V(caAz +1), and d = ug(i) — a(caAz +1). Then (14) becomes

E2(i) = (b—2Y)? + (2 W + d)?,
and the error as we change ¢.(7) has a minimum at

d
TE=WEW +d) =Y (b—2Y) =0,
z

or

. bY —dW
pe(i) =z = Yirwe (18)

Calculating ¢, (7) from (18), u. (%) from (15), «'(¢) from (16), and ¢’(7) from (17)
we obtain error minimizing values for the pressure transmitted to the end of the
interval, ug,(7), from

Pz (i) = (i) + ¢'(1)Ax
Uz (7)) = ue(i) + v/ (i) Ax.

Repeating our calculations over n — 1 intervals, we obtain estimates of the pres-
sure and particle velocity transmitted to the open end of the tube. Repeating our
calculations over the frequencies of interest, we find those frequencies for which
@y (lips) is zero, or the formant frequencies of the tube with the given area function,
thus solving problem 1.

Note that we have used the term “formant frequency” to mean exactly a “natural
resonance frequency” of the tube [6]. We should keep the notion of a formant
frequency distinct from that of a “formant frequency estimate,” e.g., a measurement
made with the use of spectrograms.

We have compared formant frequencies calculated with these procedures to for-
mant frequency estimates measured from spectrograms, for six vowels spoken while
x-rays were made of the vocal tract area function [3]. The average magnitude of
the error was 10% for Fy, 13% for F5 and 8% for F3.



3 Relate constriction of the uniform tube to changes in formant
frequencies

Experience with Webster’s equation has led at least three researchers to make
or repeat the following statement:

When part of a pipe is constricted, its resonant frequency becomes low  (19)
or high according as the constricted part is near the maximum point of
the volume (velocity) or of the excess pressure. [2,3,7]

We emphasize this statement because it predicts qualitatively how individual
formant frequencies should change as a tube is constricted at different # coordinates.
To 1llustrate these predictions quantitatively for the uniform tube, we must decide
how to model constriction of the tube, and we have to compute the x coordinates
of the extrema of volume velocity and pressure at each formant frequency for the
tube before it is constricted. Then we can compare the predictions of statement
(19) with computed changes in formant frequencies.

To model constriction of the uniform tube, we let A(z) be a vector of 17 cross-
sectional area measurements, each equal to 4 cm?, with a spacing of 1 cm. Then
we constricted this 16 ¢cm uniform tube on centimeter-long intervals starting with
interval 1, at the closed back of the tube and moving centimeter by centimeter to
interval 16, at the open front of the tube.

As indicated at the top of Figure 1, constriction at each interval was modeled
in six steps. First, the uniform tube was left unconstricted on interval 7: a(z;) and
a(x;41) were left at 4 cm?. Second, the uniform tube was constricted half-way to a

the lips.
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¢ initialize

ELSE

Y=V*delx+1

ENDIF

enddo
return
end
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